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I ABSTRACT The present paper is another step toward the classification of x .^-graded 

5_, I Lie algebras: we classify .^x^-graded Lie algebras A = ^ije^Aij over a field F of characteristic 

with dimAij < 1 for i,j € satisfying: 

(1) Aq = (Bi£^Aifi ~ Vir, the centerless Virasoro algebra, 



< 



> 
in 



(2) ^0,-1) -^0,0) ^0,1 span the 3-dimensional simple Lie algebra 

(3) A is generated by the centerless Virasoro algebra and sl2- 

These algebras include some rank 2 centerless Virasoro algebras, and some rank 2 Block 

§ \ §1. Introduction 

The classification of simple ^-graded Lie algebras of finite growth was given by O. 
Mathieu [M] in 1992. It is natural to ask what would happen for Z x ^-graded Lie 
algebras. This problem was initiated and studied by Osborn and Zhao. They investigated 
' several cases in [0Z1-0Z5] under some mild restrictions. There are still some cases left 
■ untouched. The present paper is another step by the authors toward the classification of 
O . ^ X .S'-graded Lie algebras. 

O \ Throughout this paper we assume that the Z x ^-graded Lie algebra A = (Bije^-^ij 

over a field IF of characteristic with dimAij < 1 for i,j G satisfies the following three 
conditions: 

(1) ^0 = ®ie^^ifi — Vir, the centerless Virasoro algebra; 

(2) ^0,-1; -^0,0; ^0,1 span the 3-dimensional simple Lie algebra s/2; 

(3) A is generated by ^o,±i and ^o- 

To state our main theorem, we recall some known Lie algebras and construct some other 
Lie algebras from them. For any a & IF with a 7^ 0, we have the generalized centerless 
Virasoro algebra Vir (a) = (Bijiz^Lij with bracket 

[L„,Lfc,£] = {k-t + ii-j)a)Li+kj+iioT {i,j),ik,i) eZxZ. (1.1) 

For any a, 13 e IF with a/? ^ 0, denote Z = ZxZ\{{-a, (3), {-2a, 2(3)}. We have (see 
[B]) the Block algebra B{a,P) = Q)(ij)ezlFLij with the bracket 



X 



kl\ 



i + a j — P 
k + a i- (3 



Li+k,j+£ for (z,j), (fc,£) e Z. (1.2) 
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From [DZ], we see that the Lie algebra B{a, j3) has the following possible central extensions 
B{a, (3; a^, a2, a'2) = B{a, (3) © iFci © IFC2 for any ai, a2, a'2 € F: 



i + a j — P 
k + a £- (3 



Li+k,j+e + Si+k-a^j+eA'^j + Pi)aiCi 

+5i+k,-2jj+eM(^'ii'^j + P'^) + 4(« + 0]c2, (1-3) 
for (i, j), {k,i) e Z. Note that Ci = if {-a,f3) ^ ^ x ^, and Ci = C2 = if {-2a, 2/3) ^ 

Set = G Z\j > —1}, Z_^ = & Z\j <1}. li f3 = —1, the subspace 

B'^{a, —1; ai, 02, 03) = (B(ij)ez+FLij © iFci © IFC2 is a subalgebra of B{a, —1; ai, 02, 02). 
If /5 = 1, the subspace ;B+(q;, 1; ai, 02, a'g) = (B(ij)(zz_IFLij © iPci © 1^C2 is a subalgebra of 
B{a, 1; fli, 02! 0.2)- 

For a G iF\{0}, we have a Lie algebra C{a) = ®{i,j)^z,xzFLij with the bracket 



[Li,j,Lk/\ — aij^k,iLi^i,k+j for i,j,k,i e 



(1.4) 



such that 



(k{j + l)-{i+l)i + ii-j)a 



ai,j,k,e 



— < 



if j,e,j + £>-!, 



Uf7-2](Mj + i)-(^ + i)^ + (^-i)«) if j>o,^<-2, 



k — i 
—a + i 




if 

if i = -l,^<-2, 
if i,^<-2, 



(1.5) 



where [^j = ^ for < j < i and [j] — otherwise. Note that C{a) is a Lie algebra such 
that C~{a) — ®ig^j<_2iFI/i,j is an abehan ideal and C{a)/C~{a) = B'^{— a, —1,1,0,0). 
Certainly we have the dual Lie algebra C{a) whose (i, j)-homogeneous space is the {i, —j)- 
homogeneous space of C{a). 

The main result of this paper is the following 



Theorem 1.1 Let A 



e^Aij be a Z X Z -graded Lie algebra over a field IF of 



characteristic with dim^jj < 1 for each i and j. Suppose A satisfies Conditions (l)-(3). 
Then A is isomorphic to Vir{a) for a suitable a G iF\{0}, or to B{a, (3;ai,a2,a'^ for 
suitable a, (3, ai, 02, a'2 & IF with a(3 ^ and (3 ^ ±1, or to B'^{a, ±1; ai, 02, a'2) for suitable 
a, ai, a2, a'2 & IF with a^O, or to C{a) or to C{a) for a suitable a G iF\{0}. 

For convenience, we combine the two types of algebras Vir(Q;) and B{a, (3) into a uniform 
form: T>{a, (3) — ^ij^zIFLij subject to 



[Li,j, Lk,e] = - jk) + {k - i) + {£ - j)a)Li+k,j+e, 
where a,(3 eF with a^O. Note that V{a, 0) =Vir(Q;). 



;i.6) 
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2. Some basic results on the Virasoro algebra 

Recall that the centerless Virasoro algebra is the Lie algebra Vir = ©jg^iFLj with 
bracket [Lj, Lj] = {j — i)Li^j for i,j G A weight module V over Vir is called a module 
of the intermediate series if all the weight multiplicities are < 1. There are three families 
of the modules of the intermediate series over Vir: A^^p, A(a), B{a) for a, (3 & IF. They all 
have basis {vi\i E with the following actions: 

Aa,p ■■ LiVk ^ {a + k + Pi)vi+k: 

A{a) : LiVk = (i + k)vi+k, k ^ 0, = i{i + a)vi, (2.1) 
B{a) : LiVk = kxi+k, k ^ -i, LiV^i = + a)vQ, 

for i, A; e Z. Denote by ^4^^^ the nontrivial irreducible subquotient module of Aa^p- 

Theorem 2.1 (see [KS, Z]) (1) A nontrivial irreducible module of the intermediate series 
over Vir is isomorphic to A'^^j^ for some suitable a, (3 & IF. 

(2) An indecomposable module of the intermediate series over Vir is isomorphic to a 
subquotient module of Aa,i3, A{a), B{a) for some suitable a, (3 & IF. 

(3) We have the following isomorphisms: 

A^^o ^ A^,^ if a i Z and yl[,_o - ^o,i- (2-2) 

3. Proof of Theorem 1.1 

Now let A — ®i,jez:Aij he a, Z x .^-graded Lie algebra over IF with dim^j^^ < 1 
satisfying Conditions (l)-(3). For i,j e take Ljj e «4i,j\{0} if Aij ^ {0} or else let 
Lj J = 0. By Conditions (l)-(2), we can normalize the elements Ljo, Lq,±\ such that 

[Li,o, Lj,o] = (j - i)U+j<d for i, j e 21. (3.1) 

and 

[-^o,i, -^oj] = (i - i)oiLo^i+j for -1 <ij,i+j <1, (3.2) 

where a e iF\{0} is a constant. Since ®ie^^i,±i is an ^o-module, and [I/o,o, -^o,±i] = 
±q;Lo,±i 7^ 0, by Theorem 2.3 in [OZl], there exist P±i e IF such that we can normalize 
Li,±i to satisfy 

[Li,0: -^j,±i] = {±01 + j + /3±ii)-Li+j,±i (3.3) 

for i,j & Z with j ±a,i+j ±a 7^ 0, or with /5±i 7^ 0, 1. In particular Lj^±i 7^ for i e 
with i± a ^ 0. 

Now we divide the proof of Theorem 1.1 into several lemmas. 

Lemma 0. After a change of basis, the coefficients Pi and defined in (3.3) satisfy 
the relation 

A e -1 - -2 - 
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Proof. Suppose 

[Li_i, Lj- 1] = CijLi+j^o for i,j e Z and some e IF, (3.4) 
where Co,o = 2a. Applying adL^^o to (3.4), using (3.3), we have that 

{-a + i + P^ik)ci+k,j + {a + j + Pik)cij+k = (« + J - ^)q,j, (3.5) 
holds for all i,j,k G Z with 

{i-a){i + k-a)y^Oor 0, 1, and {j + a){j + A; + a) or /3i 0, 1. (3.6) 

It is clear that /3i and are symmetric in (3.5). We shall solve Cjj in (3.5). Setting 
i — 0, j — k and j = 0, i = in (3.5), we obtain respectively 

{-a + p-ik)ck,k + (« + (!+ /3i)A;)co,2fc = if (A; - a)(A; + a)(2A; + a) ^ 0, 
(-a + (1 + /3_i)A;)c2fe,o + (a + /9i^)cit,fe = if (A; - a)(2A; - a)(A; + a) 0. 

Prom (3.7), we obtain 

(-a + (5_ik) (-« + (!+ (3^i)k)c2k,o -{a + (3ik) («+(! + /3i)/c)co,2fe = 0, (3.8) 

for A; e with k ± a,2k ± a 0. In (3.5), setting i — and substituting j, k by 2j, 2i, 
and setting j = and substituting i,k by 2i, 2j respectively, we obtain 



(-tt + 2(3_ii)c2i,2j + (a + 2j + 2/?ii)co,2(i+i) = 2(j - i)co,2j, 
{-a + 2i + 2(3_ij)c2(i+j),o + {a + 2(3ij)c2i,2j = 2{i - j)c2i,o, 

for 2i — a, 2j + a, 2{i + j) ± a 7^ 0. Prom (3.9), we obtain 

(« + 2/3ij)((« + 2j + 2p^i)co,2ii+j) - 2(j - i)co,2j) 

= {-a + 2/?_ii)((-a + 2i + 2/?_ij)c2(i+,),o - 2(i - j)c2i,o). 



(3.9) 



(3.10) 



In (3.5), setting i — j — and substituting k by 2/c, we obtain 

{-a + 2l3-ik)c2k,o + {oi + 2/3iA;)co,2fc = -^ka for 2A; ± a 7^ 0. (3.11) 

Multiplying (3.10) by — a + 2/3_i(i + j') and using (3.11) to substitute C2(i+j),o, C2i,o, we 
obtain 

{-a + 2/3_i(i + j))(a + 2/3ij)((Q; + 2j + 2/3ii)co,2(i+,) - 2(j - i)co,2,) 

= {-a + 2/3_ii)(-Q; + 2i + 2/3_ij)(-(a + 2/?i(i + i))co,2(i+i) - 4(i + j» (3.12) 

-2(j - i)(-Q; + 2/3_i(i + j))((a + 2(3ii)co,2i + 4m), 

for 2i ± a, 2j ± a, 2(i + j) ± o; 7^ 0. Setting i — —j gives 

-a{a - 2Pii){{a + 2(/3i - l)i)2Q; + 4ico,_2i) ^ 
= -«(-« + 2/3_ii)(-Q; + 2(1 - /3_i)i)2Q; - 4iQ;((Q; + 2/3ii)co,2j + 4iQ;), 



for ±2i ± a ^ 0, that is 

(a + 2(3ri)co,2i - (a - 2/3ii)co,-2i = 2iQ;((/3_i - + /3i - 1) - 2), (3.14) 

for i, ±2i ± a ^ 0. From (3.8), (3.11), we have 

-a + 2p_ik a + 2Pik (3.15) 

^-Ak{-a+(3^ik)(-a+{l+(3^i)k)a, 



for k,k±a,2k±a ^ 0. Denote by dk the determinant in (3.15). Using (3.15) in (3.14), we 
obtain 

2{-a + P-it){-a + (1 + /?_i)2)(a + 2P^t)d_, 

M.lo 

+2{a+p-ii) {a+ {a-2pii)di+{{p-i- pi) {p-i+pi - l)-2)did-i = 0, ^ 

for ±i, ±i ± a, ±2i ± a 7^ 0. First assume that one of is zero, say, = (since /?i 

and are symmetric). Then from (3.15), we see that di is a polynomial on i of degree 2 
with the coefficient of i"^ being — ci;/3i(/3i + 3), and (3.16) is a polynomial in i of degree 4. 
Calculating the coefficient of gives 

/?2(/3i + l)(/3i + 2)(/?i - l)(/?i + 3)^2 = if = 0. (3.17) 

Now assume that 7^ 0. Then (3.16) is a polynomial on i of degree 6. Calculating the 

coefficient of gives 

-4(/?i - /?_i)(/?i + /?_i)(/?i + + l)(/?i + + 2)/32/?2^ = if 7^ 0. (3.18) 

From (3.17), (3.18), we obtain that 

= -/?_i,-l-/3_i,-2-/?_i, or/?i = l,-3, /?_i = 0, or/?i = 0, /?_i = l,-3. (3.19) 

If /3i = 1, —3 and = 0, we can re-choose {Li-i \ i e Z\{a}} (if ck e we shall not 
consider I/a,-i) such that becomes 1 (cf. (2.2)). By interchanging ^0,1 with Ao-i if 
necessary, it suffices to consider the following 4 cases: — — 1— — 2— □ 

Remcirk. Before we consider cases one by one, observe the following. From (3.15), we 
can solve co,2fe, then from the first equation of (3.9), we can solve C2i,2j- Note that by setting 
A; = ±1 in (3.5), we can express in terms of Ci_ij+i, Cj+ij_i. So ii i + j is even, we can 
solve Cij. On the other hand, ii i + j is odd, by taking k to be odd in (3.5), we can solve 
Cij. This shows that the solution of in (3.5) is unique (except possibly a finite number 
of 

Lemma 1. If Pi — then Pi — 0, ±1, — |. The cases Pi — 0, 1, — | are covered by 
the cases Pi e {— —1 — —2 — considered below, while the case Pi — = 1 
leads to a contradiction. 
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Proof. In this case, (3.15) and (3.11) give 



_ 2a{-a + Pik){-a+{l + Pi)k) _ 2a{a + /3^k){a + {1 + pi)k) 

ior k,k±a,2k±a^0 and _ 2pj{l + p^)k'^ ^ 0. Using this in (3.10), we obtain 

IGa^PUP, - 1)(1 + A)(l + 2(3,)tj{t + j)(j - t?{a' + PK^ + A)u) 



(a2 - 2/?f (1 + /3i)z2)(a2 _ 2/?2(i + p,)f){a^ - 2/?f(l + /3i)(^ + j)^) 



0, (3.21) 



for all but a finite number of i,j e Z. Thus /3i = 0, ±1, — |. Cases Pi — 0, — |, —1 will be 
covered by cases /?i = — —1 — P-i - —2 — considered below. Thus suppose /3i = 1. 
By (3.20) and the first equation of (3.9), we obtain 

_ 2a{a^ + a{t - j) - Aij) 
'''''' - (a + 2j)(«-2z) ' ^^-^^^ 

for all but a finite number of i,j e Z. Setting i,j, k in (3.5) to be 2i, 2j, 2k respectively, 
using (3.22), we see that (3.5) does not hold. Thus we obtain the lemma. □ 

Lemma 2. If Pi — — then a ^ and after a change of notation, we have Pi — 
which is covered by the cases Pi — —1 — considered below. 

Proof. By (3.15), (3.11) and the first equation of (3.9), we have 

_ 2a{a + {pi - l)k) _ 2a{a + {pi + l)k) 

a + 2Pik a + 2pik 

_ 2a{a + 2{pi - l)k){a + 2{pi + l)k) ^ ' ^ 

^^^''^^ ~ {a + 2pik){a + Apik) ' 

for all but a finite number of /c e Setting i, j, k in (3.5) to be 2/c, 2/c, —2k respectively, 
using (3.23), we obtain 

48a(A-l)(A + l)fc3 ^ 

{a + 2pik){a + Apik) ' ^ ' 

for all but a finite number of A; G Z;. This proves /3i = ±1. By symmetry, wc can suppose 
Pi = I, P-i — —1. Assume that a G Choose ^ k & Z such that k — a is even. 
Setting j = —a, i = a + k in (3.5), we obtain that Ca+k,k-a = for all k ^ 0. In particular, 
C2o,o = 0. But from (3.23) we see that C2a,o = 2a ^ 0, which is a contradiction. Thus 
a ^ Z. Thus by (2.2), we can re-take Pi to be zero. □ 

Lemma 3. If Pi = —1 — then after a change of notation, we have Pi = —2, |. The 
case Pi — —2 is covered by the case Pi — —2 — considered below, while the case Pi — \ 
leads to a contradiction. 
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Proof. By interchanging ^0,1 with ^0,-1 if necessary, we can suppose j3i ^ 0,1 since 
Pi + P-i = — 1. So Li^i 7^ for all i G From (3.15) we get Co,2i = 2q; for almost all 
i e Z. Then from (3.9) and (3.5), we get 

Cjj = 2a for (except possibly one i ii a e = 0, 1). (3.25) 

For i,j,k e Z, we have 

[Lk-i, [Li,i, Lj^i]] = Ck,i[Lk+ifl, Lj^i] — Ckj[Lk+jfl, Li^i] = 2a{j — — (3i)Li^j+k,i- (3.26) 

This shows that [Lj^i, Lj^i] ^ ior i ^ j. Thus Aj^2 7^ {0} for all j e Z. Choose a basis 
Lj 2 of Aj^2 as follows: 

[i[Lo,i,L,-i] ifjVO, 

Lj,2 = [ (3.27) 

Then by (3.26), 

[Lk,-i, Li,2] = 2q;(1 - /3i)Li+fc,i for i,k e (3.28) 

Since G ^j+j,2, assume that [Li^i,Lj^i] = c[ jLi^j^2 for some c^j G IF, then using 

(3.26), (3.28), we obtain 

[L,,i, % 1] = (j - i)L,+,- 2 for i, j G ^. (3.29) 
Applying adLjt o to (3.29), we obtain 

[Lfe,o, Li^2] = {2a + t+ (2/3i + l)k)Li+k,2 for i, A; G ^. (3.30) 
Now by (3.25), (3.28)-(3.30), we have 



[Lk,-i, [-^1,1) -^^,2]] — 2a{[Li+kfl, Lj^2] + (1 — Pi)[Li,i, Lj+k^i]) 

= 2a(2a + 3/3ii + (2 - /3i)j + (2 + pi)k)Li+j+k,2 for i, j. A; G ^. 



(3.31) 



Thus ^i^3 7^ {0} for all i G Since ^i^^Ai^s is a Vir-module, we can choose 7^ Lj^3 G 
A,3 for i G such that 

[Lkfi,Li^3] = (3q; + i + /?3^)-f'j+A;,3 for i,keZ (and i+a, i+Zc+cvT^O if /33 = 0, 1), (3.32) 
where 3q; appears because it is the eigenvalue of Lq q on Lj s (cf. (2.1)). Suppose 

[Lj,i, = dijLi+j^s for i, j G .S' and some djj G IF, (3.33) 

such that at least some dij 7^ by (3.31). Applying adL^ _i to (3.33), by (3.31), we obtain 

dij[Lk,-i, Li+j,s] = 2q;(2q; + 3(3ii + (2 - (3i)j + (2 + (3i)k)Li+j+k,2 for i, j, k E Z. (3.34) 



Setting i = and replacing j by i + j in (3.34), we obtain 

do,i+j[Lk,-i, = 2a{2a + (2 - Pi){i + j) + (2 + (3^)k)Li+j+k,2 for i, j. A; e ^. (3.35) 

Formulas (3.34), (3.35) show that 

di,,(2a+(2-/?i)(i+j>(2+/3i)A;)=do,i+,<2Q;+3/3ii+(2-A)j+(2+/?i)A;) for i,j,keZ. (3.36) 

By (3.3), (3.30), (3.32), (3.33), we have 

do,i{3a + i + hk)L^^i+k = [Lkfl, [^o,i> ^^,2]] 

= {{a + pik)dk,i + {2a + i + (2/?i + l)k)do,i+k)L3,i+k- 

Comparing the coefficient of k in (3.36) gives djj = c?o,i+j or 2 + /3i = 0. Assume that 
Pi — —2. Then = 1, and by (2.2), we can re-choose = 0. Thus this becomes a 
special case of Case 4 considered below. Thus we can suppose dij — do,j+j. Then (3.36) 
gives Pi — ^. Then (3.37) gives 

_ do,i{3a + i + psk) 



In particular 



M3a + ^_ (3.39) 



Substituting (3.39) into (3.38) we obtain that 

Q(k -\- 1) 5k 5i 

(3a + p3i) (3a + i + pak) (3a + ^ ^ = (3a + /?3 (A; + i) ) (3a + i + — ) (3a + -) , (3.40) 

i.e., 

^(-5 + 2p3)ik{5p3k + 5p3i + Gp^a + 9a) = 0. 

Then Ps = ^ and (io,i = c^o.o is a constant. By re-choosing Lj 3 for all i e .S', we can assume 
dij = 1, and (3.33) means that the left-hand side of (3.31) is [Lfc^_i, Lj+j ^]. Note that we 
have got 

Pi = I, = (^3 = I- (3.41) 

Similar to (3.26), we have 

[Lk,i, [Li -I, I/j _i]] = -5a(j - i)Li+j+k,~i for k e 

which shows that [Lj,-i, 7^ for i 7^ j. Thus Aj-2 7^ {0} for all j e Z. Choose a 

basis Lj_2 of -^j,-2 to be 

L,-_2 = -[L,-_i,Lo,_i] if J 7^ and Lo,_2 = L_i,_i], (3.42) 



then 

[Lj _i, = (i - j)Li+j_2, [Li,i, Lj_2\ = SaLj+j _i, [Lj,o, = (-2q; + j - 2i)Lj+j _2, 

and 

[Lk,i, [Li -I, -Lj -2]] = a{4:a + 7j - k)Li+j+k-2- (3.43) 

This shows that Ai-^ 7^ {0} fori G Choose Lj^_3 G ^j,_3\{0} and suppose -^^^,-2] = 

d'i jLi^j^^s for some rf^^ G -F. Then at least some d'^j 7^ 0. Setting i = and replacing j by 
i + j in (3.43), comparing the result with (3.43), we obtain 

dij{4:a -7i- 7j - k) ^ c?o,i+j(4Q; + 9i - 7j - k) for i, j, keZ. (3.44) 

Comparing the coefficient of k we get rf^^ = d'^^j^p and then we obtain that (3.44) cannot 
hold for all k G Thus Pi = ^ cannot occur. □ 

Therefore, it remains to consider the only case f3i = —2 — By interchanging ^0,1 
with ^0,-1 if necessary, we can suppose /?i 7^ 0. We denote f3 = f3i + 1. Then (3^1. 

Lemma 4.1. If j3i — —2 — and ^ 0, then A — 'D{a, (3) or B{a, (3; oi, 02, 02). 

Proof. First we claim: one can choose {Ljj | G Z"*"} such that (1.6) holds for 
(i,i),(^,£),(i + A;,j+^)GZ+. 

Using (3.15) and the statements after (3.19), we get 

Q,,- = 2« + (/? - 1)^ + {13+ 1)3 for {i, 1), (j, 1) G Z. (3.45) 
For (j, 2) G Z, choose i,k e Z such that (/c, -1), (i, 1), (j - i, 1), (j + A;, 2) G Z, then 

[Lfe,_i, [L,,i, L,_,,i]] = (1 - /3)((2/3 - 1)A; + 3a + {P + - 2t)Lj+k,i. (3.46) 

This shows that if j y^2i, then 7^ [Lj^i, G Aj,2- So ^^-,2 7^ for all (j, 2) G Z. For 

(j, 2) G Z, choose minimal i G Z+ such that 2i 7^ j and (i, 1), {j — E Z and define 

^.-,2 = (1 _ ^)^(^. _ [^^.1 ' ^^-.1] ■ (3.47) 

Then by (3.46), 

[Lk,-i, L,,2] = ((2/3 - 1)A; + 3a + (/3 + l)i)L,+fc,i for {k, -1), (i, 2), (i + k, 1) G Z. (3.48) 

Assume that [Li^i,Lj^i] = c^j-Lj+^-s for (i, 1), (j, 1), (i + j, 2) G Z, then by (3.46)-(3.48), 
4j = (1 -/5)(j -«)> i-e-, 

[L,,i,L,-i] = (l-/3)(j -i)Li+,-2 for (i, 1), (j, 1), (i + j, 2) G Z. (3.49) 
Applying adL^ o to it, using (3.3), (3.47), we can deduce 

[Lk,0: %2] = {2a + j + {2(3 - l)k)Lj+k,2 for keZ, (j, 2), {j + k,2)e Z. (3.50) 

9 



For m > 2, assume that we have chosen Lj.m for {i,m) G Z such that (1.6) holds with 
— 1 < j, i, j + i < m. For {j, m + 1) E Z, choose i,k & Z such that 

{k, -1), (i, 1), (j -i,m),{j -i + k,m- 1), (j + A;, m) e (3.51) 

then 

[Lk,-i, Lj_,i^„i]] 

= (a(m+2)+A;(/?(m+l)-l) + (/?+l)j)(«(m-l) + (l-/?)j + (/3(m+l)-2)i)L,-+it,^. 

(3.52) 

This shows that 7^ [Ljj, Lj_j,„J G ^j,m+i. So Aj^m+i 7^ for all (j, m + 1) E Z. For 
(j, m + 1) G Z, choose minimal i G such that (3.51) holds with A; = 0, then we define 

Lj,m+i = Hm - 1) + (1 - P)j + {(3{m + 1) - 2)i)-'[Li^,, Lj_i^^]. (3.53) 

Then as in the arguments after (3.47), we obtain that (1.6) holds with —1 < j,£,j + i < 
m + 1. This proves the claim. 

Similarly, as in the proof of the claim above, we have the following claim: one can 
choose {Lij I (i, j) G Z} such that (1.6) holds. 

So if Z = .S' X ^ or Ai_j = for ^ Z, then we obtained that A = V{a,f3). Thus 
assume that Z 7^ ZxZ, and A^^,j^^ 7^ for some (ioi Jo) ^ ZxZ\Z. Since ^ is generated 
by Aq and ^o,±i) we can find some i,jEZ such that (i, j), (io — jo — j) ^ Z and 

-^iojo = [-^ij' -^io-ijo-j] 7^ 0- (3.54) 

Then by applying adLj o and adLo,±i to (3.54), we see that Lj„ is a central element of 
A. Since central extensions are determined by 2-cocycles, by [DZ] we obtain that A has 
the form (1.3). □ 

Lemma 4.2a. If /3i = -2-/?_i and = with dim{®i^zAi-2) > 2, then A = C{a). 

Proof. Then /3i = -2 and f3 = -1. By (3.3), (3.46), we have 

[Lfc,i, [Li,_i,L,-_i]] = for i,j,ke 2Z. (3.55) 

First assume that ^\Ta{®i^2zAi-2) > 2. Then ©ig^v4i,_2 is a nontrivial Vir-module. Thus 
^\m{®i(z^Ai-2) = oo and there exists /3_2 G IF such that we can choose suitable _2 G 
A,-2\{0} if A,-2 7^ {0} and Li,_2 = if A,-2 = {0} such that 

[Lkfi, Li_2] = {-2a + i + p_2k)Li+k-2, (3.56) 

for all k E Z and all but a finite number of i G .S' (note that (3.56) holds for all i^k E ZZ 
\i2a^ZZ or /5_2 7^ 0, 1, and (3.56) holds ioTi,i + k^ 2a if 2a G ^ and (3_2 = 0, 1). Since 
®ie^Ai-2 = ®ijez[Ai-i,Aj-i], by (3.55) we have 

[L,,i,L,-_2] = 0fori,iG^. (3.57) 
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From this and (3.45), (3.56), we have 

[Lfe,i, [L,,_i, L,-_2]] = -i2a - 2i){-2a + j + {i + k)f3^2)Li+j+k,-2- (3.58) 

Thus Ai-3 7^ {0} for all i G Z. Thus there exist /?_3 G IF and _3 G ^i,_3\{0} such that 

[Lkfi, Li^-s] = (-3q; + i + P-3k)Li+k,-3, (3.59) 

for all i,ke Z with (i - 3a) (i + A; - 3a) 7^ 0. Write 

[Lj _i, _2] = dijLi+j_3 for i, j G ^ and some dij G -F, (3.60) 

then at least some dij ^ 0. Applying adL^ o to (3.60), we obtain 

(-a + i)di+k,j + (-2a +j + k)dij+k = (-3a + i + j + (3-3k)dij, (3.61) 

for i,j,k G Z with (j ' + — 3a) {j — 3a) (i + j — 3a) {i + j + k — 3a) 7^ 0. Setting i — and 
replacing j by i + j in (3.58), comparing the result with (3.58), we obtain 

2a(-2a + i + (3-2k)dij = (2a - 2^)(-2a + j + (i + k)i3-2)do,i+j, (3.62) 

for all but a finite number of k G Z. This shows that /3_2 = or dij — a''^{a — i)do,i+j- 
Using (2.2), we can suppose /?_2 = 1. Then we have dij — a~^(a — i)do,i+j- Using this 
in (3.61), we get that /9_3 = 2 and o?o,i is a constant. Thus we can take o?o,i — ~0i to get 
= —a + i. Write 

[Lj _i, _i] = d[ jLi+j_2 for i,jeZ and some G -F, (3.63) 
such that some d^j ^ 0. Applying adL^ o to this equation, using (3.56), we obtain 

(-a + t)d[+kj + (-a + j)<,,+fc = (-2a + i + j + A;)<,,-, (3.64) 

for all but a finite number of i,j,k G .S'. Note that j = and it is easy to see that 
this system has a unique solution up to a nonzero scalar and ci^^ = j' — i is a solution. 
Thus we can take d^j = j — i for i,j G Z. If a G by applying ndLa-ifi to (3.63), 
we see that La-i 7^ and [La-ifl, = (—a + i)La-i for i G Thus, as a Vir- 

module, Q)i£^Ai-i is isomorphic to A_q,,o (cf- (2.1)). Similarly if 2a G by considering 
[Lfe _i, [I/i _i, L2a-i-i]] and using (3.60), we can obtain ^20,-2 7^ and ©ie^A -2 = ^-2a,i 
as Vir-modules. Thus we have proved (1.6) for j G {0, ±1}, i > —2 and for all i, /c G 

Our first claim is: Formula (1.6) holds for j G {0, ±1} and for all i,k,£ e 2Z. 

We shall show this claim by induction on —I. We know that the claim holds for i > —2. 
Assume that the claim holds for £ < —2. Then we have 

[Lk,i, [Li-i, Lj^i]] 

= ((-2a+2i)[L,+,,o,i^,-,^]-(^+2)((^-l)a+2j-(£+l)A;)[L,,_i,L,-+,,,+i] (3.65) 
^{a-i){i + !){{£ - 2)a + 2{i + j) - lk)h+^+k,i- 
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Thus Ai/-i 7^ {0} for all i & Z and so there exist Pi-i e IF and Li^e-i £ ^i,^-i\{0} such 
that 

[Lkfi, Li^i_i] = {{£ -l)a + i + pe^ik)Li+k^t,_i, (3.66) 
for all k & Z and all but a finite number of i e Z. Write 

[Lj _i, Lj,^] = dQLi+j^i_i for i, j G ^ and some djj e iP, (3.67) 
then at least some d\j ^ 0. Applying adLfe^o to (3.67), we obtain 

{-a + %)d%^^ + {ia + J - (£ + 1)A;)4S+, = ((^ - 1)« + i + J + /?^-iA;)43, (3.68) 

for all but a finite number of i, j, /c G Setting i = and replacing j by i + j in (3.65), 

comparing the result with (3.65), we obtain rfj-j = oT^ipi — for %,j G TZ. Using this 

in (3.68), we obtain = (thus (3.66), (3.68) hold for all /c G Z,) and do^] is a 

constant. Thus we can set — —a to give df^j — —a + i. Then (3.65) and (3.67) show 
that 

[Li,i, Lk^i-i] = (£ + im - 2)« + 2A; - £i)L,+fe,^ for i, A;, £ G ^. (3.69) 
This proves the claim. 

Our second claim is: Formula (1.5) holds for all i, j, k,£ E Z. 

Formula (1.5) holds if j,i > —1, or j = 0, ±1 and £ G Z. By skew-symmetry, we only 
need to show (1.5) for j < —2. So we assume that j < —2. 
If j' = — 2, then from 

(i — 2i')[Lj _2, Lfe,^] = Li_i/_i\, Lk^(\ 

= (-a + i')[Li'+k,e-i, Li-i'-i] + (-« + i - i')^'-!, Li-i'+k,e-i] 
= {-{-a + i'){-a + + {-a + i'){-a + i - i'))U+k-2 

= for i' G ZZ, 

(3.70) 

we see that [I/i -2, Lk,t] = 0. If j < -2, using L^j = (-a + ?')~^[Lj/ _i, for i' a, 

and by induction on — j, we obtain [Ljj, L^,^] = for j < — 1 and £ < — 1. 

Assume that j > 1. If J + > —1, by writing Ljj as Ljj = a[Lj/ 1, Lj// for some 
a & IF, i', i" G 'Z, and by the first claim and induction on j', we have [Lj L^^^] = 0. Thus 
assume that j+£ < —2. Again write Ljj as Ljj = for some a & IF, i', i" G 

Then using induction on j and the first claim, we can easily verify that 

[Lr,j, = [_t^\]{k{3 + 1) - + 1)^ + - j)a)L,+k,j+i, (3.71) 

for A; > 1, Z < — 1. This proves the second claim. 

Thus A = C{a) if dim(eie^A -2) > 2. □ 
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Lemma 4.2b. If /3i = -2 - and = with dim(©ie^A -2) < 1, then A = 

B^{a, —1, fli, 02, 02)- 

Proof. The result follows by a similar discussion in the last paragraph of the proof of 
Lemma 4.1. □ 
This completes the proof of Theorem 1.1. 
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